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A UNIVERSAL FORMULA FOR THE VOLUME OF COMPACT
LIE GROUPS
R. L. MKRTCHYAN AND A. P. VESELOV
Abstract. We provide a closed formula for the volume of a simple compact Lie group
in terms of the universal Vogel parameters. For the unitary groups SUn this reduces to
the integral representation of the classical Barnes G-function.
1. Introduction
Let G be a connected and simply-connected compact Lie group with simple Lie
algebra g. Supply G with the Riemannian metric defined by the canonical Cartan-
Killing form. What is the volume of G ?
Although some calculations for the classical groups were done already by Hurwitz
and Weyl the first general effective formula for the group volume seems to be found
only in 1980 by Macdonald [8]. Macdonald’s formula says that
(1) V ol(G) = V ol(g/gZ)
r∏
i=1
2pimi+1
mi!
.
where r is rank and mi, i = 1, . . . , r are the exponents of the corresponding simple
Lie algebra g, gZ is the Chevalley lattice (see [4, 8]). An elegant topological proof
of this formula was found by Hashimoto [6]. Different expressions for the group
volume were proposed by Marinov [9] and Kac and Peterson [7].
The main result of this paper is the proof of the following formula for the group
volume, which came naturally from our study of the universal Chern-Simons theory
[10, 11] (see formula (32) in [11]):
(2) V ol(G) = (2
√
2pi)dimGe−Φ(α,β,γ),
where
(3) Φ(α, β, γ) =
∫
∞
0
F (x;α, β, γ)dx
x(ex − 1) ,
(4)
F (x;α, β, γ) =
sinh(xα−2t4t )
sinh(xα4t )
sinh(xβ−2t4t )
sinh(x β4t )
sinh(xγ−2t4t )
sinh(x γ4t )
− (α− 2t)(β − 2t)(γ − 2t)
αβγ
.
Here t = α + β + γ, where α, β, γ are the universal parameters of the simple Lie
algebra g introduced by Vogel [14] and dim G is the dimension of G, which can be
given by Vogel’s formula
(5) dimG =
(α− 2t)(β − 2t)(γ − 2t)
αβγ
.
The parameters α, β, γ depend on the choice of an invariant bilinear form on g
and thus are defined up to common multiple and up to permutation, see [14].
Their values are given in Table 1, where we have chosen the normalisation with
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α = −2 corresponding to the so-called minimal bilinear form, when the square of
the length of the maximal root equals 2 and t = h∨ is the dual Coxeter number.
Note that the orthogonal groups are not simply connected with the fundamental
group pi1(SOn) = Z2 for n > 2, so they are represented by their double covers
Spinn (having the volume twice bigger).
Table 1. Vogel’s parameters for compact Lie groups
Lie group α β γ t = h∨
SUn −2 2 n n
Spinn −2 4 n− 4 n− 2
Sp2n −2 1 n+ 2 n+ 1
G2 −2 10/3 8/3 4
F4 −2 5 6 9
E6 −2 6 8 12
E7 −2 8 12 18
E8 −2 12 20 30
The integral (3) converges and defines an analytic function in the complement
CP 2 \∆ to the set
∆ = {(α : β : γ) ∈ CP 2 : Re(α
t
) ≥ 0, Re(β
t
) ≥ 0, Re(γ
t
) ≥ 0}.
We show that on the SUn line the corresponding function Ψ(z) = Φ(−2, 2, z) can
be given by
(6) Ψ(z) = ln G(z + 1)− 1
2
z2 ln z +
1
2
(z2 − z) ln 2pi,
where G is the classical Barnes’ G-function [1]. The appearance of G-function is
not too surprising since it is a ”natural” analytic continuation of the product of
factorials
G(n+ 1) = 1!2!3! . . . (n− 1)!, n ∈ Z+,
which is an essential part of Macdonald’s volume formula for SUn:
(7) V ol(SUn) =
2
n
2
−1
2 n
n
2
2 (2pi)
n
2+n−2
2
1!2!3! . . . (n− 1)! .
However since such an analytic continuation is not unique, the fact that the analytic
continuation provided by our formula agrees with the one proposed by Barnes,
seems to be remarkable and shows a close relation of the volume function with the
theory of multiple Barnes’ gamma and zeta functions [2, 3].
2. Proof of the main formula
We start with the following result expressing the group volume in terms of the
root systems (see Kac-Peterson [7], Prop. 4.32). Let gC be the complexification of
the Lie algebra g, h ⊂ gC be its Cartan subalgebra, R+ be a positive part of the
root system R ∈ h∗,
ρ =
1
2
∑
µ∈R+
µ
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be the Weyl vector and <,> denote the Cartan-Killing form on h∗
(8) < X, Y >= tr adXadY , X, Y ∈ g.
It is known to be negative definite on g, so taken with sign minus determines the
Riemannian metric on G, which we call Cartan-Killing metric.
Proposition 1. (Kac and Peterson [7]). The volume of a simple, connected and
simply connected compact Lie group G with Cartan-Killing metric can be given by
(9) V ol(G) = (2
√
2pi)dim G
∏
µ∈R+
sin 2pi < ρ, µ >
2pi < ρ, µ >
.
Consider
Φ = − ln
∏
µ∈R+
sin 2pi < ρ, µ >
2pi < ρ, µ >
and rewrite it using the Euler formula
sinpix
pix
=
1
Γ(1− x)Γ(1 + x) ,(10)
where Γ is the classical gamma function [15]:
Φ =
∑
µ∈R+
ln Γ(1− 2 < ρ, µ >) + ln(Γ(1 + 2 < ρ, µ >).
Now we use Malmsten’s integral representation of the logarithm of the gamma
function, see [15], Ch. 12.31:
ln Γ(1 + z) =
∫
∞
0
dx
e−zx + z(1− e−x)− 1
x(ex − 1) ,
implying that
ln Γ(1 + z) + ln Γ(1− z) =
∫
∞
0
dx
ezx + e−zx − 2
x(ex − 1) .
Thus we have
Φ =
∑
µ∈R+
∫
∞
0
dx
e2<ρ,µ>x + e−2<ρ,µ>x − 2
x(ex − 1) =
∫
∞
0
dx
∑
µ∈R(e
2<ρ,µ>x − 1)
x(ex − 1) .
Now we use the key relation
∑
µ∈R
(e2<ρ,µ>x−1) = sinh(x
α−2t
4t )
sinh(xα4t )
sinh(xβ−2t4t )
sinh(x β4t )
sinh(xγ−2t4t )
sinh(x γ4t )
− (α− 2t)(β − 2t)(γ − 2t)
αβγ
,
see [10], formula (2.9). This means that
Φ =
∫
∞
0
F (x;α, β, γ)dx
x(ex − 1)
with F defined by (4). Thus we have proved
Theorem 1. The volume of a simple, connected and simply connected compact Lie
group G with the canonical Cartan-Killing metric can be given in terms of Vogel’s
parameters by formula (2).
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One can easily check that the integral (3) converges for all complex values of
parameters α, β, γ unless Re(αt ) ≥ 0, Re(βt ) ≥ 0, Re(γt ) ≥ 0 simultaneously. In
particular, this is the case when all parameters are real and not of the same sign,
which is is true for the parameters corresponding to simple Lie algebras.
In the next section we show that on the unitary line α+β = 0, containing all the
unitary groups, our integral representation essentially reduces to the one for the
classical Barnes G-function [1]. The relations with the rich theory of the multiple
Barnes gamma and zeta functions [2, 3] should help to study the analytic properties
of the functions Φ(α, β, γ) and eΦ(α,β,γ), which will be done elsewhere.
3. Volume of the unitary groups and the Barnes G-function
Vogel’s parameters of G = SUn are α = −2, β = 2, γ = n. Replacing here n ∈ N
by z (real or complex) we get the line on the Vogel plane defined by α+ β = 0. A
simple calculation shows that the restriction of the function (4) to this line is
(11) F (x;−2, 2, z) = coshx− 1
2 sinh2 x2z
− z2.
Since
coshx− 1
ex − 1 =
1− e−x
2
we have
Ψ(z) := Φ(−2, 2, z) =
∫
∞
0
(
1− e−x
4 sinh2 x2z
− z
2
ex − 1
)
dx
x
=
∫
∞
0
(
1− e−zy
4 sinh2 y2
− z
2
ezy − 1
)
dy
y
or, after elementary transformation,
Ψ(z) = −
∫
∞
0
(
e−(z+1)y
(1− e−y)2 +
z2
ezy − 1 −
e−y
(1− e−y)2
)
dy
y
.
Compare this with the integral representation of the logarithm of the Barnes G-
function:
(12) lnG(z+1) =
z + 1
2
ln 2pi−
∫
∞
0
(
e−(z+1)y
(1− e−y)2 −
1
y2
+
z
y
− e
−y
2
(z2 − 1
6
)
)
dy
y
,
see Barnes [2], pages 328 and 368. Consider the difference
Ψ(z)− lnG(z + 1) = −z + 1
2
ln 2pi + I1 + I2,
where
I1 =
∫
∞
0
(
e−y
(1− e−y)2 −
1
y2
+
1
12
e−y
)
dy
y
, I2 =
∫
∞
0
(
z
y
− z
2
ezy − 1 −
e−y
2
z2
)
dy
y
.
The first integral is a constant: I1 =
1
2 ln 2pi, as it follows from (12) since G(1) = 1.
Change of variable y → t = zy in the second integral gives
I2 =
∫
∞
0
(
z2
t
− z
2
et − 1 −
e−t/z
2
z2
)
dt
t
= z2
∫
∞
0
(
1
t
− 1
et − 1 −
e−t
2
)
dt
t
+
z2
2
∫
∞
0
(e−t − e−t/z)dt
t
= Cz2 − 1
2
z2 ln z
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where we have used Frullani’s integral∫
∞
0
(e−pt − eqt)dt
t
= ln
q
p
,
see e.g. Gradshtein-Ryzhik [5], formula 3.434.2. The constant
C =
∫
∞
0
(
1
t
− 1
et − 1 −
e−t
2
)
dt
t
=
1
2
ln 2pi,
since G(2) = 1 in (12). Thus we have
Theorem 2. On the line α + β = 0 on the Vogel plane containing the unitary
groups SUn the function Φ(−2, 2, z) defined by (3) gives an analytic continuation
of Φ(SUn), which is related to the classical Barnes G-function by
(13) Φ(−2, 2, z) = ln G(z + 1)− 1
2
z2 ln z +
1
2
(z2 − z) ln 2pi.
Let’s compare this with the explicit formula (7) for the volume of SUn. From
(7) we have since dim SUn = n
2 − 1 that
V ol(SUn)
(2
√
2pi)dim SUn
=
n
n
2
2 (2pi)
n−n
2
2
1!2!3! . . . (n− 1)! .
or,
(14) ln
V ol(SUn)
(2
√
2pi)dim SUn
=
n2
2
ln n− 1
2
(n2 − n) ln 2pi − ln(1!2!3! . . . (n− 1)!).
Comparing this with (13) we see that that our integral representation gives the
analytic continuation of the product of the factorials 1!2!3! . . . (n − 1)! coinciding
with the one proposed by Barnes [1]. At the level of the asymptotic expansions this
agreement was shown in [11].
We should say that the Barnes analytic continuation is widely used and plays
an important role in modern theoretical physics, in particular, in topological string
and Chern-Simons theory, see e.g. Periwal [13] and Ooguri and Vafa [12]. Our
universal volume formula may have some applications here as well.
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